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The Quotients of G4,5,120
M. ASHIQ, Q. MUSHTAQ, T. MAQSOOD AND M. ASLAM
The groups G4,5,m are significantly useful because they are symmetric groups of the map {4, 5}n ,
which is constructed from the tessellation {4, 5} of the hyperbolic plane. It is now known (Geom.
Ded., 2, 48 (1993), 231–242) that P SL(2, q) is a factor group of the Coxeter groups Gk,l,m if −1 is
a quadratic residue in the Galois field G F(q), where q is a prime power. By using a diagrammatic
argument, propounded by Higman, we show that all but finitely many An and Sn are factor groups of
G4,5,120.
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1. INTRODUCTION
Coxeter studied the groups Gk,l,m = 〈x, y, t : x2 = yk = t2 = (xt)2 = (yt)2 = (xy)l =
(xyt)m = 1〉 in his well known paper [2] published in 1939. Among other things, he has shown
that these groups are infinite and insoluble if 1k + 1l + 1m ≤ 1, the exceptions to this inequality
being the spherical triangle groups, which are finite, or the Euclidean triangle groups, which
are soluble. It is known in [6] that P SL(2, q) is a factor group of the Coxeter groups Gk,l,m
if −1 is a quadratic residue in the Galois field G F(q), where q is a prime power.
Higman posed the question (see [1]) of how small the integers k, l and m can be made
while maintaining the property that all but finitely many An and Sn are factor groups of
Gk,l,m . In many cases when k, l and m are small, Gk,l,m is isomorphic to either P SL(2, q) or
PGL(2, q) for some prime power q. Except for k = 3, l = 7 relatively little appears to have
been written about these groups where the inequality 1k+ 1l + 1m > 1 is not satisfied.
It was shown in [3] that An is a homomorphic image of Gk,l,m for (k, l,m) = (4, 5, 276).
In this paper we have refined the result by reducing the value of m to 120.
For small values of m, it the following were mentioned in [2].
G4,5,1 is a cyclic group of order 2.
G4,5,2 is a dihedral group of order 4.
G4,5,3 is a cyclic group of order 2.
G4,5,5 is isomorphic to 〈x, y : x4 = y5 = (xy)2 = (x−1 y)4 = 1〉 and is of order 160.
G4,5,6 is the direct product of cyclic groups of order 2 and 5 and is of order 240.
G4,5,8 is the direct product of cyclic groups of order 2 and PGL(2, 32) and is of order
1440, and
G4,5,9 is isomorphic to PGL(2, 19) and is of order 6840.
Apart from this information nothing else seems to be known. In this paper we have used
a diagrammatic argument as used in [3] that all but finitely many alternating and symmetric
groups of finite degree are factor groups of G4,5,120.
2. COSET DIAGRAMS
We will use coset diagrams, attributed to Higman, to prove our result. These coset diagrams
depict an action of G = 〈x, y, t : x2 = y4 = (xy)5 = t2 = (xt)2 = (yt)2 = 1〉 on a finite set
(or space) and they are defined as follows.
The four cycles and the two cycles of y are represented respectively by squares and digons
whose vertices are permuted counter-clockwise by y. Any two vertices that are interchanged
by the involution x are represented by an edge. Every vertex of the diagram is fixed by (xy)5.
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The action of t is represented by reflection about a vertical axis of symmetry. Fixed points
of x and y are denoted by heavy dots.
We will need to join together two, or more, coset diagrams. The technique of joining coset
diagrams together has been given by Stothers [4]. Two diagrams can be joined together pro-
vided they contain a pair of a special type of vertex, called a handle. By a handle hba we shall
mean a fragment of a coset diagram containing vertices a and b such that both a and b are
fixed by x , the vertex a is mapped onto b by both y and t and the vertex a is fixed by xyt .
Given two coset diagrams u and v with hba and hb
/
a/
handles respectively, we can construct a
new coset diagram u+v by placing the two diagrams on a common vertical axis of symmetry,
one above the other, and joining a to a′ and b to b′ by x-edges as follows.
b’
a
a’
b
FIGURE 1.
In this way, we can connect together any number of coset diagrams. The resulting dia-
gram will again be a coset diagram for the action of G on a larger set. That is, the relations
x2 = y4 = (xy)5 = t2 = (xt)2 = (yt)2 = 1 are still satisfied. Also if (a, b, c, d, e)
and (a′, b′, c′, d ′, e′) are the appropriate five cycles of xy in the representation of G depicted
by the two diagrams then since (b, b′)(a, a′)(a, b, c, d, e)(a′, b′, c′, d ′, e′) = (a, b′, c, d, e)
(a′, b, c′, d ′, e′) the two new five cycles will be the cycles of xy in the new diagram. Other
cycles of xy are unchanged, so xy still has order five. The connection has the same kind of
effect on the cycles of the permutation(s) induced by xy2t . The cycles that end in a and a′
will be juxtaposed to form a single cycle provided a′ and b′ are joined similarly.
For example, Figure 2 depicts a (transitive) permutation representation of G4,5,120 of degree
10.
The necessary information from a coset diagram is written in a specific fashion. Each of
the coset diagrams is given a specification, consisting of the degree of the corresponding
permutation representation of the group which is acting on a set of n elements, the number of
handles that will be used, the parity of the action t , and the cycle structure of xyt and xy2t .
We describe these as follows.
(1) By D(n) we shall mean a diagram with n vertices satisfying the given properties,
namely, x2 = y4 = t2 = (xy)5 = (xt)2 = (yt)2 = 1.
(2) By hba , we mean the handle with vertices a and b.
(3) t is even when the number of cycles in the composition of t is even and t is odd when
the number of cycles is odd in t .
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FIGURE 2. x acts as (1)(2)(3, 7)(4, 5)(6, 9)(8)(10), y acts as (1, 2, 3, 4)(5, 6, 7, 8), (9, 10), t acts as
(1, 2)(3, 4)(5, 7)(6)(8)(9)(10).
(4) By xyt :(a,m)(b, n), we mean that the vertices a and b lie in the cycles of xyt having
length m + 1 and n + 1 respectively.
3. MAIN RESULT
The proof of our main result makes heavy use of Jordan’s theorem, which depends upon the
concept of primitivity. We therefore reproduce them here.
Let G be a permutation group on a set X . A subset B of X is called a block of G if for each
g ∈ G the image set Bg either coincides with B or has no point in common with B. A group
G is called primitive if it has only trivial blocks 8, {x} and X .
THEOREM 1 (JORDAN’S THEOREM ([5, THEOREM 13.9, P. 39]). Let p be a prime num-
ber and G a primitive group of degree n = p + k with k ≥ 3. If G contains an element of
degree and order p then G is either alternating or symmetric.
Now that the essential information, terminology and mechanism have been set, we state and
prove our main result.
THEOREM 2. For all n = 16u + 25v, where u ≥ 0 and v = 1 or 2, either An or Sn can be
obtained as quotients of the group G4,5,120.
PROOF. We use coset diagrams for the group G4,5,120, depicting a transitive permutation
representation of G4,5,120 of arbitrarily large degree.
For later use, we also note that cycles of the permutation(s) induced by xy2t are affected in
the same sort of way: provided a′ and b′ lie in distinct cycles of xy2t , the cycles ending in a
and a′ will be juxtaposed to form a single cycle, and those ending in b and b′ will be similarly
combined.
We need two basic diagrams (Figures 3 and 4), which we will connect together to form the
required one. Each of these diagrams is given a specification discussed earlier.
The vertices labeled λ and µ in Figure 4 (D25) have been indicated for a reason that will
become apparent later. For the moment all we need to do is to note that these two vertices lie
in the same cycle of xy2t , having prime length.
Let us take the u number of D(16) and the v number of D(25) and connect them together by
the order D(16)u + D(25)v. The resulting diagram D(n) will have n vertices and it will be a
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FIGURE 3. D(16), 1(1) handle, 1(2) handle, t is even, xyt = (A4)(B3)a(b4) and
xy2t = (A3)(B3)(a3)(b3)4.
diagram for the group G4,5,120. The reflection t acts as an even or odd permutation, depending
upon the values of n. For instance, if n is an odd number then t is odd, and if n is an even
number then t is even, where u ≥ 0 and v = 1 or 2.
Also, the length of every cycle of xyt will be a divisor of 120 and so the diagram D(n) will
give a permutation representation of the group G4,5,120.
B A
ba
µ
λ
FIGURE 4. D(25), 1(3) handle, t is odd, xyt = (A2)(B9)6.10 and xy2t = (A4)(B4)3.
Note that the cycles of xy2t are all of length d = 3, 4, 8, 10 or 13. With the exception of
3, d is a divisor of 520. Thus the element (xy2t)520 yields a power of the cycle, fixing the
remaining vertices.
Next we show that the representation of G4,5,120 is primitive on the n vertices of D(n).
Suppose the representation is imprimitive. This means that the 5 vertices of the cycle must lie
in the same block, say B, of imprimitivity as (xy2t)520 has fixed these vertices. Now λ and µ
belong to B and λx = µ, λy = λ and λt = λ.
This means that B is preserved by the three generators x, y and t . This implies that B has n
vertices or the representation is transitive. This contradicts the fact that D(n) has n vertices.
Thus the representation is primitive. Since the group G4,5,120 is primitive on n vertices and
there exists a cycle of prime length, namely the three cycle, we can use Theorem 1 to conclude
that the permutations x, y and t generate An or Sn . Since y and xy yield even permutations,
so does x . Since t is even or odd depending upon the value of n, t gives an even permutation,
and we obtain An . On the other hand, if t gives an odd permutation, we obtain Sn .
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We can also rephrase the theorem in the following form.
COROLLARY 3. For all but finitely many positive integers n = 16u + 25v, where u ≥ 0
and v = 1 or 2, both An and Sn occur as quotients of the triangle group 〈u, v : u2 = v4 =
(uv)5 = 1〉.
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